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This talk is based on my work in collaboration with B. Boisseau, D. Polarski, and
A.A. Starobinsky. The most natural and best-motivated alternatives to general relativ-
ity are the so-called “scalar-tensor” theories, in which the gravitational interaction is
mediated not only by a (spin-2) graviton, but also by a (spin-0) scalar field. We study
quintessence in this general framework, and show that the microscopic Lagrangian of the
theory can be unambiguously reconstructed from two observable cosmological functions
of the redshift: the luminosity distance and the linear density perturbation of dustlike
matter. We also analyze the constraints imposed on the theory by the knowledge of only
the first of these functions, as it will probably be available sooner with a good accuracy.
Theoretical attempts at quantizing gravity or at unifying it with other inter-
actions generically predict the existence of scalar partners to the graviton. For
instance, in superstring theory, a dilaton is already present in the supermultiplet
of the 10-dimensional graviton, and many other scalar fields, called the “moduli”,
appear when performing a Kaluza-Klein dimensional reduction down to our usual
spacetime. Gravity theories incorporating such scalar fields have a great importance
in cosmology, notably in inflationary scenarios, but also for “quintessence” models,
in which the cosmological constant suggested by observations of type-Ia supernovae
appears in fact as the present value of a scalar-field potential U(Φ).
Starobinsky1 proved, in the case of a minimally-coupled scalar field, that the
precise shape of this potential can be reconstructed if one knows either the present
energy density of dustlike matter Ωm,0 and the luminosity distance DL(z) as a
function of the redshift z, or the Hubble constant H0 and the density perturbation
of dustlike matter δm(z) as a function of z. However, the models inspired by extra-
dimensional theories generically involve a non-minimal coupling between the scalar
field and the curvature. Several parametrizations of the action may be chosen,2,3
but it can always be written in the following “Brans-Dicke” form:
S =
∫
d4x
√−g
{
ΦR− ω(Φ)
Φ
(∂µΦ)
2 − 2U(Φ)
}
+ Smatter [matter; gµν ] , (1)
where “matter” denotes all kinds of matter fields, including gauge bosons (we con-
sider here theories satisfying the “weak equivalence principle”). Since this action
involves two unknown functions of the scalar field, ω(Φ) and U(Φ), we now need
both observable functions DL(z) and δm(z) to fully reconstruct the theory. On the
other hand, the present values of Ωm,0 and H0 are not necessary.
The first step consists in obtaining the Hubble function H(z) from the knowl-
edge of DL(z), like in general relativity since this is purely kinematical: 1/H(z) =
1
[DL(z)/(1 + z)]
′, where a prime denotes a derivative with respect to z (and where
a corrective factor involving Ωκ,0 ≡ −κ/(a0H0)2 enters if the universe is spatially
curved3). The perturbation equations in the limit of short wavelengths and the
background Friedmann-Robertson-Walker equations then give
Φ
Φ0
≃ 3
2
(
H0
H
)2
(1 + z)Ωm,0 δm
δ′′m + [H
′/H − (1 + z)−1]δ′m
×
(
1 +
1
2ω + 3
)
, (2)
2U
(1 + z)2H2
= Φ′′ +
(
H ′
H
− 4
1 + z
)
Φ′ +
[
6
(1 + z)2
− 2
1 + z
H ′
H
− 4
(
H0
H
)2
Ωκ,0
]
Φ
−3 (1 + z)
(
H0
H
)2
Φ0Ωm,0 , (3)
ω = − Φ
Φ′2
{
Φ′′ +
(
H ′
H
+
2
1 + z
)
Φ′ − 2
[
1
1 + z
H ′
H
−
(
H0
H
)2
Ωκ,0
]
Φ
+3 (1 + z)
(
H0
H
)2
Φ0Ωm,0
}
, (4)
where the integration constant Φ0 may be set to 1 without loss of generality. The
three functions Φ(z), U(z) and ω(z) –and thereby U(Φ) and ω(Φ)– can thus be
reconstructed unambiguously if DL(z) and δm(z) are experimentally determined
precisely enough. Since solar-system experiments constrain the present value of ω
to be larger than 2500, and that it can be proven2 to be larger that ∼ 5 even for
redshifts z ∼ 1, one can further simplify Eq. (2) by suppressing its last factor inside
parentheses. Note that in that case, the three equations become algebraic.
As DL(z) will be observed sooner with a good accuracy, we analyzed the con-
straints imposed on scalar-tensor theories by this single function.3 We assumed
particular forms for either ω(Φ) or U(Φ), and reconstructed the other one thanks
to Eqs. (3)-(4) above. Our main conclusion is that the knowledge of DL(z) over
a wide redshift interval, say up to z ∼ 2, is sufficient to distinguish these theories
from general relativity plus a cosmological constant, even if there are large (tens of
percents) experimental errors. The reason for this strong result is that we took into
account not only solar-system (and binary-pulsar) constraints, but also the follow-
ing important theoretical constraints: • The graviton should carry positive energy
(⇒ Φ > 0). • The scalar field should carry positive energy (⇒ 2ω(Φ) + 3 > 0).
• The potential U(Φ)/Φ2 should be bounded by below and have a reasonable
shape, and to get a stable theory, the scalar mass squared should be positive
(⇒ {Φ[2ω(Φ) + 3]−1/2[U(Φ)/Φ2]′}′ ≥ 0, where a prime denotes here d/dΦ).
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